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Chapter 1: What is Logic?

Logic is a domain of philosophy concerned with rational criteria that applies to argumentation. Logic 
includes a study of argumentation within natural language, consistent reasoning, valid argumentation, 
and errors in reasoning. It is divided into two main domains: Formal and informal logic.

Formal logic

Formal logic is the traditional domain of logic in western philosophy. It is a domain that covers logical 
form, consistency, valid argumentation, and logical systems.

Logical form

Logical form allows us to symbolize statements by stripping statements of their content. For example, 
consider the statement “if it will rain today, then the roads will become slippery.” The logical form of 
this statement would be presented in propositional logic as “if A, then B.” In that case “A” stands for 
“it will rain today” and “B” stands for “the roads will be slippery.” Logical connectives are kept, such 
as “if/then,” “and,” “or,” and “not.”

Logicians don't usually write statements as “if A, then B.” Instead, they usually use a symbol for 
logical connectives, such as “→.” We can state “if A, then B” as “A → B.”

Consistency

Two statements are consistent if it's possible for them both to be true at the same time. For example, the 
statement “if it will rain today, then the roads will be slippery” is consistent with the statement “it will 
not rain today.” Logic provides us with a way to determine when statements are consistent, which is 
important to us because all true statements about the world are consistent. (Two true statements can 
never form a contradiction. For example, “Aliens live on another planet” and “aliens don't live on 
another planet” form a contradiction, so one of the statements is false.)

We know that two statements are consistent as long as they can all be true at the same time, and 
contradictory when they can't. Whenever two propositions contradict, one proposition can be 
symbolized as “A” and the other can be symbolized as “not-A.” For example, “it will rain today” 
contradicts “it will not rain today.”

Some statements are also self-contradictory, such as “one person exists and no people exist.” Many 
self-contradictions can be symbolized as “A and not-A.” These statements are always false.

Tautological statements are always true, such as “either the Moon revolves around the Earth or the 
Moon doesn't revolve around the Earth.” Many tautologies can be symbolized as “A or not-A.”
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Valid argumentation

A valid argument has an argument form that could never have true premises and a false conclusion at 
the same time. For example, “If it will rain today, then the roads will be slippery. It will rain today. 
Therefore, the roads will be slippery” is valid because it has the argument form “If A, then B. A. 
Therefore, B.” All arguments with this form are valid.

Logic gives us the tools to determine when an argument is logically valid. If a deductive argument is 
not logically valid, then it does not provide us with a good reason to agree with the conclusion. If the 
premises are true, then the conclusion could still be false. 

An example of an invalid argument is “At least one person exists. If at least one person exists, then at 
least one mammal exists. Therefore, no mammals exist.” Although the premises are true, the conclusion 
is false. This argument does not do what arguments are supposed to do—provide us with a good reason 
to think the conclusion is true.

Logical systems

Logical systems have (1) a formal language that allows us to symbolize statements of natural language, 
(2) axioms, and (3) rules of inference. 

1. A formal language is a way we can present the form of our statements involving logical 
connectives.

2. Axioms are rules, such as the rule that states that contradictions can't exist.
3. Rules of inference are rules that state what premises can be used to validly infer various 

conclusions. For example, a rule known as “modus ponens” states that we can use “A” and “if 
A, then B” as premises to validly infer that “B.”

Logical systems are needed in order for us to best determine when statements are consistent or when 
arguments are valid.

Informal logic

Informal logic is domain that covers the application of rational argumentation within natural language
—how people actually talk. What we call “critical thinking” is often said to involve informal logic, and 
critical thinking classes generally focus on informal logic. Informal logic is mainly about rational 
argumentation, the distinction between inductive and deductive reasoning, argument identification, 
premise and conclusion identification, hidden assumption identification, and error identification.

Rational argumentation

Arguments are a series of two or more statements including premises (supporting statements) and 
conclusions (statements that are supposed to be justified by the premises). For example, “All human 
beings that had lived in the distant past had died. Therefore, all human beings are probably mortal.” 

The idea of rational argumentation is that it is supposed to give us a good reason to believe the 
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conclusion is true. If an argument is good enough, then we should believe the conclusion is true. If an 
argument is rationally persuasive enough, then it would be irrational to think the conclusion is false. 
For example, consider the argument “All objects that were dropped near the surface of the Earth fell. 
Therefore, all objects that are dropped near the surface of the Earth will probably fall.” This argument 
gives us a good reason to believe the the conclusion to be true, and it would seem to be irrational to 
think it's false.

The distinction between deductive and inductive reasoning

Deductive arguments are meant to be valid. If the premises are true, then the conclusion is supposed to 
be inevitable. Inductive arguments are not meant to be valid. If the premises of an inductive argument 
are true, then the conclusion is supposed to be likely true. If an inductive argument is strong and the 
premises are true, then it is unlikely for the conclusion to be false. 

An example of a valid deductive argument was given above when valid arguments were discussed. 
Let's assume that “if it will rain today, then the roads will be wet” and that “it will rain today.” In that 
case we have no choice but to agree that “the roads will be wet.”

An example of a strong inductive argument was given in the argument involving dropping objects. It is 
unlikely that dropped objects will not fall in the future assuming that they always fell in the past.

Argument identification

Knowing what arguments are and why people use them helps us know when people give arguments in 
everyday conversation. It can also be helpful to know the difference between arguments and other 
similar things. For example, arguments are not mere assertions. A person who gives a mere assertion is 
telling you what she believes to be true, but a person who gives an argument tells you why she believes 
we should agree that a conclusion is true.

Premise and conclusion identification

Knowing what premises and conclusions are helps us know how to know which are which in everyday 
conversation. For example, a person can say “the death penalty is wrong because it kills people.” In this 
case the premise is “the death penalty kills people” and the conclusion is “the death penalty is wrong.”

Hidden assumption identification

Knowing that an argument is meant to be rationally persuasive can help us realize when hidden 
assumptions are required by an argument. For example, the argument that “the death penalty is wrong 
because it kills people” requires the hidden assumption that “it's always wrong to kill people.” Without 
that assumption the argument will not be rationally persuasive. If it's not always wrong to kill people, 
then perhaps the death penalty is not wrong after all.

Error identification

Knowing about several errors of reasoning (i.e. fallacies) can help us know when people have errors of 
reasoning in arguments they present in everyday conversation. For example, the argument “my friend 
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Joe never died, so no person will die in the future” contains an error. The problem with this argument is 
the unjustified assumption that we can know what will happen to everyone in the future based on what 
happened to a single person given a limited amount of time. This type of error is known as the “hasty 
generalization” fallacy.

What's the difference between logic and epistemology?

Epistemology is the philosophical study of knowledge, justification, and rationality. It asks questions, 
such as the following:

1. What is knowledge?
2. Is knowledge possible?
3. What are the ways we can rationally justify our beliefs?
4. When it is irrational for a person to have a belief?
5. When should a person agree that a belief is true?

These issues are highly related to logic, and many philosophers have equated “logic” with 
“epistemology.” For example, the Stoic philosophers included epistemology in their domain of “logic.”

I believe that logic should now be considered to be part of the domain of epistemology. However, for 
educational purposes it is considered to be a separate subject and it's not taught in epistemology classes. 

Logic classes deal with argument form and certain rational criteria that applies to argumentation, but 
epistemology classes generally deal with somewhat abstract questions, as were listed above. Perhaps 
one of the most important issues that logic deals with much less than epistemology is justification—
logic tends not to tell us when premises are justified and how well justified they are, but epistemology 
attempts to tell us when premises are justified, and when a premise is justified enough to rationally 
require us to believe it's true.

Why do logic and epistemology classes teach different things? Perhaps because philosophers who have 
an interest in epistemology have historically not cared as much about logic and vice versa.

But why would philosophers who care about epistemology not care as much about logic? Perhaps 
because logic tends to be concerned with issues that can be answered with a much higher degree of 
certainty. We know what arguments are. We know that good arguments must apply certain rational 
criteria. We can determine when arguments are valid or invalid. We can determine that many arguments 
have hidden premises or various errors. However, we can't determine the nature of knowledge, 
justification, and rationality with that degree of certainty. It is more controversial when a belief is 
justified and at what point a belief is justified enough to rationally require us to believe it's true.

What is the essence of logic?

I don't think that logic has an essence. It's a domain concerned with certain rational criteria involved 
with argumentation, but not all criteria. Epistemology also covers related issues. What we consider to 
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be logic or epistemology mainly has to do with a history of philosophers (and mathematicians) who 
label themselves as “logicians” or “epistemologists” and teach classes in the corresponding domains. 
These terms are used merely because they are convenient to us. 

However, I think we can say that logic is a domain of epistemology that has a restricted focus, and that 
focus is mainly restricted to issues that we think we can answer with a much higher degree of certainty 
than usual. Logic and mathematics are now often taken to be part of the same domain, and both 
generally offer us with a degree of certainty higher than the natural sciences. Whenever scientific 
findings conflict logic, we are much more likely to think that our scientific findings are false than that 
our understanding of logic is false.

The same can not be said of epistemology in general. There are examples of epistemological issues that 
do seem to involve a great deal of certainty. I think we should be confident that we should believe that 
“1+1=2” and that it's irrational to believe that “1+1=3.” Epistemology tells us what we should believe 
in that sense. However, there is also a great deal of uncertainty that is usually involved with 
epistemology. Answers to the big questions in epistemology are still very controversial.
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Chapter 2: Why logic is important

Why is logic education important? The main question here is what the real point of logic education is. 
The real point of logic is not to teach people how to be logic professors, or to increase test scores, or to 
impress potential employers. Philosophers and mathematicians were very interested in understanding 
logic long before it was taught in universities precisely because of how important it is. Why is logic so 
important? The answer is that logic helps us better understand good arguments—it helps us 
differentiate between good and bad reasons to believe something. We should want to have well-
justified beliefs. We want to know what we should believe. Understanding good argumentation helps us 
understand when we should believe something, and understanding logic helps us understand good 
argumentation.

How exactly does logic help us understand good argumentation? There are many necessary 
characteristics that good arguments must have, and logic tells us what some of those characteristics are. 
Logic also helps us better understand concepts that are relevant to good argumentation.

What is a good argument?

Good arguments are good reasons to believe something is likely true. If we know of a good argument to 
believe something, then we should believe it. For example:

1. All dogs are mammals.
2. If all dogs are mammals, then all dogs are living organisms.
3. Therefore, all dogs are living organisms.

People should agree that “all dogs are living organisms.” We know the premises are true (that “all dogs 
are mammals” and “if all dogs are mammals, then all dogs are living organisms”). We know that if the 
premises are true, then the conclusion has to be true as well. The premises can't be true and the 
conclusion false at the same time because the argument is logically valid.

What characteristics do good arguments have?

Ultimately good arguments must have sufficiently justified premises, and the premises should be 
appropriately relevant to the conclusion. Even so, there is much to be said about this criteria. Many of 
the necessary characteristics of good arguments are covered by the various issues discussed in logic 
classes—logical form, logical validity, the distinction between inductive and deductive reasoning, 
argument interpretation, and informal fallacies. Examples about what various general logical issues can 
teach us about good argumentation includes the following:

1. Logical form – Understanding logical form is of paramount importance to understanding good 
deductive argumentation, but ordinary language makes it very difficult to discuss logical form. 
It is much easier to understand logical form and how it relates to good argumentation after 
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learning about logical form in a logic class. For example, “if Socrates is a man, then he is 
mortal” has the logical form “if A, then B.”

2. Logical validity – Logically valid deductive arguments have premises that guarantee the truth 
of the conclusion (assuming they are true). An invalid deductive argument gives us no reason to 
think the conclusion is true. In that case the premises can be true and the conclusion can be false 
at the same time.

3. The distinction between inductive and deductive reasoning – All good deductive arguments 
are logically valid, but good inductive arguments aren't. Inductive arguments are not meant to 
be valid because the premises are only supposed to make the conclusion probable. A good 
inductive argument is unlikely to have true premises and a false conclusion, but it can happen. 
For example, the evidence scientists use to support scientific theories is inductive and it is 
possible that the theories are actually false (imperfectly accurate). The predictions made by 
scientists could always turn out to be false, but they are likely to be true when they are well-
justified. Even dropped objects could fail to fall in the future. Even so, we should agree that 
dropped objects will fall in the future anyway.

4. Argument interpretation – It is important to fully understand people's arguments and to know 
how to clarify their arguments. It's important that we know what exactly the premises and 
conclusions are. Sometimes understanding an argument also requires us to identify unstated 
assumptions and some creativity could be required. It is impossible to properly debate with 
someone who doesn't understand your arguments. An argument can't be properly refuted unless 
it is understood well.

5. Informal fallacies – Informal fallacies are errors in reasoning other than having an invalid 
argument form. Interpreting arguments uncharitably is one common example called the “straw 
man fallacy.”

There are innumerable specific examples about how each general issue can apply to good 
argumentation. One example is that people often refute the conclusion of an argument by arguing 
against a premise. However, it is possible for a different argument to be given for any given conclusion. 
Refuting a premise of an argument does not simultaneously refute the conclusion. Consider the 
following argument:

1. If the President of the United States is a lizard, then the President is a mammal.
2. The President is a lizard.
3. Therefore, the President is a mammal.

In this case both premises are false, but the conclusion is true. Stating that the premises are false gives 
us no reason to think the conclusion is false. Such an argument could look like the following:

1. “The President is a lizard” is false.
2. Therefore, we should reject that “the President is a mammal.”

This argument is clearly invalid. The premise is true, but the conclusion is false. This example shows 
how understanding validity can help us understand why certain arguments fail to be good arguments. 
Actual people do argue this way now and then, so learning about it in a logic class could actually help 
people come to a realization that they might not think about otherwise.

Many examples were given concerning how logic classes can help us better understand good 
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argumentation. However, there are potentially other characteristics of good arguments that are not 
discussed in logic classes. The philosophical domain called “epistemology” concerns the nature of 
knowledge, rationality, and justified belief. There are certain details about what counts as sufficient 
justification and rational thought that logic does not cover, but is covered by epistemology instead. 
Epistemology is the domain concerning how open-minded we should be to avoid being close-minded, 
how skeptical we should be to avoid being gullible, and how much evidence a belief requires in order 
to be sufficiently justified. Also, logicians don't tell us if any beliefs are self-evident, if intuition is ever 
a good reason to believe something, or when we can rationally assume a premise to be true without 
argument. Those are issues concerning epistemology.

Why is good argumentation important?

Logic alone can't tell us why good argumentation is important. It's a philosophical question. Answers 
include the following:

1. We want to know what's true. Good arguments can tell us what is likely true.
2. We often can't believe what we should believe unless we understand good augmentation. 

Understanding good argumentation helps us know what we should believe, and it helps us 
prove to other people what they should believe. Moreover, we should believe certain things 
because we know about good arguments. Believing what is true at random is not appropriate. 
We should believe what is likely true based on a good reasoning process.

3. Our beliefs can motivate us to behave in certain ways, and false beliefs are more likely to 
motivate us to behave in inappropriate ways. For example, we found out that lead is poisonous 
and we try to make sure children's toys no longer contain lead for that reason. People felt free to 
put lead in children's toys until their beliefs were corrected. 

4. Many people want to manipulate us to believe certain things, and understanding good 
argumentation can help us spot the faulty arguments that are used to manipulate us. For 
example, charlatans want to sell us products that don't actually work. Many medical products 
are sold that don't actually do what they are said to do. People waste their money on those 
products when they get duped. 
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Chapter 3: What is propositional logic?

Propositional logic is a symbolic language that lacks content, and uses letters to symbolize 
propositions. For example, consider the statement “the sky is red or blue.” We could replace “the sky is 
red” with “A” and “the sky is blue” with “B.” In that case we would end up with “A or B.” 

Propositional logic is used to evaluate the validity of deductive arguments and the consistency of 
statements. Statements that are inconsistent are said to form “contradictions.” For example, the 
statement “the sky is blue” contradicts the statement “the sky is not blue.”

Propositional logic consists of logical connectives, rules of inference, and axioms. These will be 
discussed in more detail in later chapters. However, it is important to know what “statements” and 
“propositions” are, so they will be discussed in greater detail here.

What are statements?

Statements are sentences that are true or false. For example, “all mammals are animals” is a statement 
written in English. In this case the statement is true.

What are propositions?

Propositions consist in the meaning of statements. We could say that propositions are the “conceptual 
content” of statements. For example, “the sky is blue” is a statement written in English that refers to the 
same proposition as “le ciel est bleu,” which is a statement written in French.

Another example of two statements that refer to the same proposition is “all whales are mammals” and 
“if something is a whale, then it's a mammal.”
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Chapter 4: Translation

'Translation' refers to the act of converting statements of natural language to statements of a symbolic 
logical system. In this case I will discuss how to convert statements of English into statements of 
propositional logic. Translation requires us to know logical connectives used in propositional logic, and 
ways we use logical connectives in English.

Not all propositions use logical connectives. In order to translate such a proposition, replace it with a 
capital letter. For example “1+1=2” is a proposition that can be translated as “A.” 

What are logical connectives?

Logical connectives are ways of saying when propositions are true. For example “or” is a way of 
saying at least one of two propositions are true. “The President of the USA is a man or a dog” means 
that either the proposition “the President of the USA is a man” is true or the proposition “the President 
of the USA is a dog” is true. We can then replace the propositions with capital letters to get “A or B.” 
However, the word “or” is also replaced in symbolic logic with the symbol “ ,” so we would write it∨  
out as “A  B.”∨

There are five connectives used in propositional logic: “not” (¬), “and” ( ), “or” ( ), “implies” (→),∧ ∨  
and “if and only if” (↔):

Negation

The “negation” connective is “¬,” which means “is false.” We also state negation by saying “is not 
true” or sometimes simply as “not.” For example, “the President of the USA is not a dog” should be 
taken to mean “it is false that the President of the USA is a dog.” It can be translated into propositional 
logic as “¬A.” In this case “A” stands for “ the President of the USA is a dog.”

More examples of translating English statements that use negation:

1. It's false that only two people exist. [“A” stands for “only two people exist.” Translation: “¬A.”]
2. Not all dogs are fish. [This means “it's false that all dogs are fish.” “B” stands for “all dogs are 

fish.” Translation: “¬B.”]
3. It is not the case that Samantha went to the store. [This means “it's false that Samantha went to 

the store. “C” stands for “Samantha went to the store.” Translation: “¬C.”]
4. Evolution is false. [This will be taken to mean “the central claims of the theory of evolution are 

not consistent with our observations.” “D” stands for “the central claims of the theory of 
evolution are consistent with our observations.” Translation: “¬D.”]

5. People are wrong who think that nothing exits. [This means “it's false that nothing exists.” “E” 
stands for “nothing exists.” Translation “¬E.”]

6. It's absurd to think that “2+2=5.” [This implies that “2+2=5” is false. “F” stands for “2+2=5.” 
Translation: “¬F.”]

12



Conjunction

The conjunction connective is “ ,” which means “and.” We also state conjunctions by saying “but.”∧  
For example, “the President of the USA has an PhD, but dislikes chocolate” should be taken to mean 
“the President of the USA has a PhD, and the President of the USA dislikes chocolate.” This can be 
translated as “A  B.” Both “A” and “B” must represent statements that are true or false, so “B” must∧  
represent “the President of the USA dislikes chocolate” rather than “dislikes chocolate.”

More examples of translating English statements that use conjunctions are the following:

1. Jill is tall and Jeff is short. [“A” stands for “Jill is tall” and “B” stands for “Jeff is short.” 
Translation: “A  B.”]∧

2. Jennifer is a human and a mammal. [“C” stands for “Jennifer is a human” and “D” stands for 
“Jennifer is a mammal.” Translation: “C  D.”]∧

3. At least two people exist, but no unicorns exist. [“E” stands for “at least two people exist” and 
“F” stands for “no unicorns exist.” Translation: “E  F.”]∧

4. It is true that “1+1=2” and it is true that “2+2=4.” [“G” stands for “1+1=2” and “H” stands for 
“2+2=4.” Translation: “G  H.”]∧

5. Evolution is true and we should believe it. [“I” stands for “the central claims of evolution are 
consistent with our observations” and “J” stands for “we should believe the central claims of 
evolution.” Translation: “I  J.”]∧

Disjunction

The disjunction connective is “ ” and it means “or.” We also state this by saying “and/or” or “unless.”∨  
It means that one or both of two propositions are true. For example, “Julia went to the store unless she 
went to school” can be translated as “A  B.” In this case “A” stands for “Julia went to the store” and∨  
“B” stands for “Julia went to school.”

Sometimes disjunctions are meant to be exclusive—only one of the two propositions are true. For 
example, “the President is a man or a woman” could imply that the President is a man or a woman, but 
not both a man and a woman. In that case we can translate the disjunction as saying “either A or B, but 
not both-A-and-B.” This can be written in symbolic form as “(A  B)  ¬(A  B). (“A” stands for “the∨ ∧ ∧  
President is a man” and “B” stands for “the President is a woman.”) We use parentheses to group 
propositions together that are intricately tied. The logical connective that is not in any parentheses is the 
“main connective.”

More examples of translating English statements that use disjunctions are the following:

1. Either the road leads back to town or the road leads to a farm. [“A” stands for “the road leads 
back to town” and “B” stands for “the road leads to a farm.” Translation: A  B]∨

2. Either Jack or Jill is tall. [“C stands for “Jack is tall” and “D” stands for “Jill is tall.” 
Translation: “C  D.”]∨

3. Humans are mammals unless they're reptiles. [“E stands for “humans are mammals” and F” 
stands for “humans are reptiles.” Translation: “E  F.”]∨

4. Either evolution is true or creationism is true. [“G” will stand for “the central claims of 
evolution are consistent with our observations” and “H” will stand for “the central claims of 
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creationism are consistent with our observations.” Translation: “G  H.”]∨

Conditional

The conditional is “→” and means “implies.” We also state conditionals by saying “if... then” or “only 
if.” For example, “if all men are mortal, then Socrates is mortal.” We can translate this to be “A → B.” 
In that case “A” stands for “all men are mortal” and “B” stands for “Socrates is mortal.” The 
conditional means that the first part is false or the second part is true.

People often talk about necessary and sufficient conditions, and they can be translated to be 
propositions using conditionals. “A is necessary for B” means “B → A.” “A is sufficient for be” means 
“A → B.” For example, we could say that “the existence of the Sun is sufficient for the existence of 
light,” or that “the existence of atoms are necessary for the existence of humans.”

Also note that people sometimes say “A if B,” such as “light exists if the Sun exists.” In this case we 
have to switch the first and second parts of the conditional to translate it into logical form. “A” can 
stand for “light exists” and “B” can stand for “the Sun exists.” The statement will then be translated as 
“B → A.”

More examples of translating English statements that use material conditionals are the following:

1. If Lisa kicked John, then John got hurt. [“A” stands for “Lisa kicked John.” “B” stands for 
“John got hurt.” Translation: “A → B.”]

2. George likes milk if he likes milkshakes. [“C” stands for “George likes milk.” “D” stands for 
“George likes milkshakes.” Translation: “D → C.”]

3. Birds are animals only if birds are living organisms. [“E” stands for “all birds are animals” and 
“F” stands for “all birds are living organisms.” Translation: “E → F.”]

4. The fact that all humans are mammals implies that all humans are animals. [“G” stands for “all 
humans are mammals” and “H” stands for “all humans are animals.” Translation: “G → H.”]

5. Being human is sufficient to be a mammal. [“I” means “something is a human.” “J” means 
“something is a mammal.” Translation: “I → J.”]

6. Being a mammals is necessary for being a human. [“I” means “something is a human” and “J” 
means “something is a mammal.” Translation: “J → I.”]

Equivalence

Equivalence is “↔” and it means “if and only if.” Sometimes we state it by saying “just in case.” It is 
used to state that two propositions have the same truth value—they're both true, or they're both false. 
For example, “Socrates is a person if and only if he's a rational animal” could be translated as “A ↔ 
B.” In that case “A” stands for “Socrates is a person” and “B” stands for “Socrates is a rational 
animal.” Either Socrates is a person and a rational animal, or he is neither a person nor a rational 
animal.

More examples of translating English statements that use material equivalence are the following:

1. Jessica will win the game if and only if Bob loses the game. [“A” stands for “Jessica will win 
the game.” “B” stands for “Bob loses the game.” Translation: “A ↔ B.”]
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2. Water is in the glass just in case H2O is in the glass. [“C” stands for “water is in the glass.” “D” 
stands for “ H2O is in the glass.” Translation: “C ↔ D.”]

3. Lizards are animals if and only if lizards are creatures. [“E” stands for “lizards are animals.” 
“F” stands for “lizards are creatures.” Translation: “E ↔ F.”]

Multiple connectives

Many statements use multiple connectives. Propositional logic requires that we keep all of the logical 
connectives possible. “Neither... nor” is a common example. “Humans are neither plants nor reptiles” 
means “it is not the case that humans are plants, and it is not the case that humans are reptiles.” This 
can be translated as “¬A  ¬B.” In this case “A” stands for “all humans are plants” and “B” stands for∧  
“all humans are reptiles.”

Another example is “unless.” Although I translated “unless” to mean “or” above, there are other ways 
people can use the word and the context should be considered. It has been suggested that we should 
sometimes translate “A unless B” as “¬A  ¬B” or “ B → ¬A.”∨

When multiple connectives are used, we often need to know which connective is the “main 
connective.” Identifying the main connective is needed when other connectives are grouped together 
inside parentheses. For example, “either evolution is consistent with our observations and a species can 
change over time, or creationism is consistent with our observations.” In this case a disjunction is the 
main connective and the conjunction is grouped together inside parentheses. “A” stands for “evolution 
is consistent with our observations, “B” stands for “a species can change over time,” and “C” stands for 
“creationism is consistent with our observations.” We can then translate the statement as “(A  B)  C.”∧ ∨

It is important to make it clear when two propositions contradict one another. We could need to 
translate a contradictory statement such as “no humans are reptiles, and some humans are reptiles.” We 
could translate “no humans are reptiles” as “A,” and “some humans are reptiles” as “B,” but that 
wouldn't make it clear that both propositions form a contradiction. For that reason, we should make 
sure to make it clear that one is the negation of the other. We could simply translate this statement as 
saying “A  ¬A.” In that case “some humans are reptiles” is taken to be “¬A” (that it's false that ∧ no 
humans are reptiles).

More examples of translating English statements that use multiple connectives include the following:

1. If Sophia is not a dog, then Sophia is a human. [“A” stands for “Sophia is a dog.” “B” stands for 
“Sophia is a human.” Translation: “¬A → B.”]

2. Hansel will win the game if and only if Gretel doesn't win. [“C” stands for “Hansel will win the 
game.” “D” stands for “Gretel will win the game.” Translation: “C ↔ ¬D”]

3. Neither Democrats nor Republicans will stop corporate welfare. [“E” stands for “Democrats 
will stop corporate welfare.” “F” stands for “Republicans will stop corporate welfare.” 
Translation: “¬E  ∧ ¬F.”]

4. Either the President of the USA is a reptile, or he's both a mammal and an animal. [“G” stands 
for “the President of the USA is a reptile.” “H” stands for “the President of the USA is a 
mammal.” “I” stands for “the President of the USA is an animal.” Translation: “G  (H  I).”]∨ ∧

5. Either all lizards are mammals or some lizards are not mammals. [“J” stands for “all lizards are 
mammals.” Translation: “J  ¬J.”]∨
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Scheme of abbreviation

When translating, it's important to state what each letter stands for. The scheme of abbreviation is what 
tells us what each letter represents, and multiple statements can be translated using the same scheme of 
abbreviation. Translation requires that each letter represents the same thing within the scheme of 
abbreviation. 

Consider the following three statements:

1. Jack is tall or Jill is short.
2. Jack is tall if and only if Jill is not short.
3. If Jill is short, then Jack is not tall.

We could use the following scheme of abbreviation for these three statements:

A: Jack is tall.
B: Jill is short.

We could then use this scheme of abbreviation to translate all three statements in the following way:

1. A  B∨
2. A ↔ ¬B
3. B → ¬A

Arguments

Arguments are a series of two or more statements when any number of statements is meant to be a 
reason to believe another. The statement that is being supported is the “conclusion” and the other 
statements are the “premises.” Arguments are often used for persuasion—people who agree with the 
premises are likely to agree with the conclusion of a logically valid argument.

Sometimes arguments are stated as a single statement. For example, “Socrates is a man; if Socrates is a 
man, then he's mortal; therefore, Socrates is mortal.” When translating arguments, we want to separate 
each premise and conclusion. We also want to show the maximal number of premises. In this case we 
want to separate the premises and conclusion into three separate statements:

1. Socrates is a man.
2. If Socrates is a man, then Socrates is mortal.
3. Therefore, Socrates is mortal.
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A translation and scheme of abbreviation for this argument is the following:

1. A
2. A → B
3.  B∴

A: Socrates is a man.
B: Socrates is mortal.

Notice that “ ” is the symbol used to mean “therefore.” It indicates that the final statement is a∴  
conclusion. (Quite often, a line is used to separate premises from conclusions as well.)

One reason that translation is important is because we want to know when arguments stated in natural 
language are logically valid, and we can use propositional logic to know when an argument is logically 
valid.

The argument given above uses an argument form called “modus ponens.” Every argument with this 
form is logically valid. You can replace “A” and “B” with any two propositions, and the argument will 
be logically valid. For example, “A” could stand for “all dogs are mammals” and “B” could stand for 
“all mammals are animals.” The argument would then be “All dogs are mammals. If all dogs are 
mammals, then all dogs are animals. Therefore, all dogs are animals.”

It is important that deductive arguments are logically valid—if we know a logically valid deductive 
argument has true premises, then we should agree with the conclusion. However, not all logically valid 
arguments are good arguments. One of the most important reasons is that logical validity only concerns 
the logical form of the argument. A logically valid argument can have false premises.
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Chapter 5: Truth Tables

Truth tables are visual aids to help us determine all the truth value possibilities of various statements. 
Truth tables are used to define logical connectives, and to help us identify various distinctions (such as 
tautologies, self-contradictions, consistent statements, equivalent statements, and valid arguments).

Logical connectives

The five connectives used in propositional logic are the following: “and” ( ), “not” (¬), “or” ( ),∧ ∨  
“implies” (→), and “if and only if” (↔). Each of the logical connectives has a precise definition, which 
is provided by a truth table:

Conjunction

p q p  q∧
T T T
T F F
F T F
F F F

Lower case letters represent “predicate constants.” These lower case letters stand for any possible 
statement, such as “rocks exist” or “if rocks exist, then bananas are pink.”

The first row contains various statements (“p,” “q,” and “p  q”). “p  q” roughly translates to mean∧ ∧  
“both p and q.” For example, “p” can mean “rocks exist” and “q” can mean “bananas exist.” In that 
case “p  q” means “rocks and bananas exist.”∧

The following image tells us how to read the truth table:
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There is a column (vertical area) under each statement, which contains every possible truth value. The 
column under “p” has “T, T, F, F” (true, true, false, false). The column under “q” is “T, F, T, F” (true, 
false, true, false). The column under “p  q” contains “T, F, F, F” (true, false, false, false).∧

Every row (horizontal area) beneath the statements contains every combination of truth values. The 
first row of truth values states that “p,” “q,” and “p  q” are all true. The second row states that “p” is∧  
true, “q” is false, and “p  q” is false. The third states that “p” is false, “q” is true, and “p  q” is false.∧ ∧  
The fourth states that “p,” “q” and “p  q” are all false.∧

We can replace “p” and “q” with statements of the English language to clarify how the truth table 
works. “p” could stand for “life used to exist on Mars” and “q” could stand for “life will exist on Mars 
in the future.” We don't currently know if either of those statements are true, but we can talk about all 
the possibilities.

Life used to exist on Mars. Life will exist on Mars in the future. Life used to exist on Mars and life 
will exist on Mars in the future.

T T T
T F F
F T F
F F F

Each row states the following possibilities:

• Row 1: It's true that “life used to exist on Mars.” It's true that “life will exist on Mars in the 
future.” In that case it's also true that “Life used to exist on Mars, and that life will exist on 
Mars in the future.”

• Row 2: It's true that “life used to exist on Mars.” It's false that “life will exist on Mars in the 
future.” In that case it's also false that “Life used to exist on Mars, and that life will exist on 
Mars in the future.”

• Row 3: It's false that “life used to exist on Mars.” It's true that “life will exist on Mars in the 
future.” In that case it's also false that “Life used to exist on Mars, and that life will exist on 
Mars in the future.”

• Row 4: It's false that “life used to exist on Mars.” It's false that “life will exist on Mars in the 
future.” In that case it's also false that “Life used to exist on Mars, and that life will exist on 
Mars in the future.”

The truth table makes it clear that “p  q” is only true when both “p” is true and “q” is true. For∧  
example, “humans are mammals and they are animals” is true because “humans are mammals” is true 
and “humans are animals” is true.

Consider what happens if one of these statements is false. “p” can mean “humans are reptiles” and “q” 
can mean “humans are animals.” In that case we will have the statement “humans are reptiles and 
they're animals.” That statement is false because one part of the statement is false.
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Negation

p ¬p
T F
F T

Roughly speaking, “p” is any possible statement and “¬p” means “it's not the case that p.”

Each box on the top row contains a logical statement. (In this case “p” and “¬p.”) Each box below a 
statement tells us the possible truth values of that statement. “p” can be true or false, and “¬p” can be 
false or true. 

Each row of boxes below the logical statements contains the possible combinations of truth values of 
the statements above. The first row down says “p” is true and “¬p” is false. Whenever “p” is true, “¬p” 
will be false. For example, “p” can stand for “rocks exist.” In that case the statement is true, and “¬p” is 
false because it stands for “it's not the case that rocks exist.”

The final row says “p” is false and “¬p” is true. Whenever “p” is false, “¬p” will be true. For example, 
“p” could stand for “1+1=3,” which is false. In that case “¬p” is true because it means “it's not the case 
that 1+1=3.”

Truth tables provide every possible combination of truth values that logical statements can have. The 
only two truth values needed here are true and false, so there are only two rows beneath the logical 
statements.

Disjunction

p q p ∨ q
T T T
T F T
F T T
F F F

“p  q” roughly translates as “either p or q.” For example, “p” can be “dogs are mammals” and “q” can∨  
be “dogs are reptiles.” In that case “p or q” will be “dogs are mammals or dogs are reptiles.”

The truth table indicates that every “p  q” statement is true unless both “p” and “q” are false, which is∨  
shown on the final row down. For example “p” can be “dogs are reptiles” and “q” can be “dogs are 
lizards.” In that case “p  q” stands for “either dogs are reptiles or they're lizards.” That statement is∨  
false.
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Conditional

p q p → q
T T T
T F F
F T T
F F T

“p → q” roughly translates as “if p, then q.” For example, “if humans are mammals, then humans are 
animals.”

The truth table indicates that “p → q” is true unless “p” is true and “q” is false. “p” can be “the 
President of the USA is a human” and “p” can be “the President of the USA is a reptile.” In that case “p 
→ q” will mean “if the President of the USA is a human, then the President of the USA is a reptile.” 
That statement is false.

We can also consider a true statement where “p” is false and “q” is false. For example, “p” can be “the 
President of the USA is a lizard” and “q” can be “the President of the USA is a reptile.” In that case “p 
→ q” will be “if the President of the USA is a lizard, then the President of the USA is a reptile.” That 
statement is true.

Finally, let's consider a conditional statement where “p” is false and “q” is true. “p” can stand for “the 
President of the USA is a lizard” and “q” can stand for “the President of the USA is an animal.” In that 
case the statement is “if the President of the USA is a lizard, then the President of the USA is an 
animal.” That statement is true.

Equivalence

p q p ↔ q
T T T
T F F
F T F
F F T

“p ↔ q” roughly translates as “p if and only if q.” For example, “p” can stand for “1+2=3” and “q” can 
stand for “2+1=3.” In that case “p ↔ q” stands for “1+2=3 if and only if 2+1=3.”

The table above makes it clear that “p ↔ q” is only true when “p” and “q” have the same truth values. 
They must both be true or false. If not, the statement is false. 

Consider when “p” stands for “dogs are animals” and “q” stands for “dogs are reptiles.” In that case “p 
↔ q” stands for “dogs are animals if and only if dogs are reptiles.” That statement is false.
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A complex truth table

We can use the above truth tables to create a more complex truth table. For example, “Socrates is a 
human and he's not a vampire.” We can translate this into logical form as “A  ¬B.” (We use capital∧  
letters because they stand for something specific.) In this case “A” stands for “Socrates is a human” and 
“B” stands for “Socrates is not a vampire.”

The truth table for this is the following:

A B ¬B A  ¬B∧
T T F F
T F T T
F T F F
F F T F

We have “¬B” on the truth table because simpler statements must be resolved before we can find the 
truth values of more complicated statements (that is in less parentheses). “¬B” is contained in “A ∧ 
¬B.” 

The truth value for “¬B” is the opposite of the truth vale for “B,” so we just write in the opposite values 
there.

The truth value for “A  ¬B” will be true whenever both “A” and “¬B” are true. There's only one place∧  
on the truth table where “A  ¬B” is true. We can highlight where “A  ¬B” is true because it's the∧ ∧  
same row where “A” and “¬B” are true:

A B ¬B A  ¬B∧
T T F F
T F T T
F T F F
F F T F

Tautologies

A tautology is a statement that's always true because of it's logical form. For example, “there are life 
forms on other planets or there are no life forms on other planets.” That statement has the form “P ∨ 
¬P.” 

We can identify a tautology by looking at the truth table because all the possible truth values of a 
tautology are true. When looking at all the above truth tables, you will notice that none of the 
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statements are tautologies because there's always one possibility of each of the above statements to be 
false.

A truth table of a tautology:

P ¬P P  ¬P∨
T F T
F T T

“P  ¬P” is true whenever at least on of those statements is true. That's why it's always true—∨
Whenever P is false, ¬P is true and vise versa.

Self-contradictions

A self-contradiction is a statement that's always false. For example, “there are life forms on other 
planets and there are no life forms on other planets.” That statement has the form “A  ¬A.”∧

We can identify a self-contradiction on a truth table by seeing when a statement is always false. None 
of the above truth tables contain self-contradictions because none of those statements are always false. 

A truth table of a self-contradiction:

P ¬P P  ¬P∧
T F F
F T F

“P  ¬P” is false whenever either “P” or “¬P” is false. One of those simple statements is always false.∧

Consistent statements

Statements are logically consistent as long as they can all be true at the same time, and contradictory 
(or inconsistent) whenever they can't be. “P” and “Q” are consistent because it's possible they are both 
true, but “P” and “¬P” are inconsistent because it's not possible that they're both true.

Consider the following two statements:

¬P → Q
¬(P  Q)∨
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We can make a truth table for them:

P Q ¬P ¬P → Q P  Q∨ ¬(P  Q)∨
T T F T T F
T F F T T F
F T T T T F
F F T F F T

“¬P” must be given truth values before we can find the truth values of “¬P → Q” because it is part of 
that more complex statement. We need to find the truth values for “P  Q” before “¬(P  Q)” because∨ ∨  
it's also part of that more complex statement.

“¬P → Q” will only be false when “¬P” is true and “Q” is false. That only happens on the bottom row.

“¬(P  Q)” will only be true when “P  Q” is false. That only happens on the bottom row as well.∨ ∨

The truth table above shows that “¬P → Q” and “¬(P  Q)” are contradictory statements because∨  
they're never both true at the same time.

Equivalent statements

Equivalent statements always have the same truth values. For example, “all humans are mammals and 
all humans are animals” is logically equivalent to “all humans are animals and all humans are 
mammals.” “P  Q” is logically equivalent to “Q  P.”∧ ∧

Consider the following two statements:

¬(P  Q)∧
¬P  ¬Q∨

We can make a truth table for them:

P Q P  Q∧ ¬(P  Q)∧ ¬P ¬Q ¬P  ¬Q∨
T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

This truth table shows why they are equivalent—they always have the same truth values. Whenever 
“¬(P  Q)” is false “¬P  ¬Q” is also false, and they are both always true at the same time.∧ ∨
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Valid arguments

An argument is logically valid whenever it's impossible for all the premises to be true and the 
conclusion false at the same time. They are logically invalid whenever it is possible for all the premises 
to be true and the conclusion to be false at the same time.

Argument 1

Consider the following argument:

1. Socrates is a human and Socrates isn't a vampire.
2. If Socrates is a human and Socrates isn't a vampire, then Socrates is mortal.
3. Therefore, Socrates is mortal.

We can translate this argument into the following logical statements:

A  ¬B∧
(A  ¬B) → C∧
C

Each letter stands for a specific statement:

A: Socrates is a human.
B: Socrates is a vampire.
C: Socrates is mortal.

The truth table for this argument is the following:

A B C ¬B A  ¬B∧ (A  ¬B) → C∧ C
T T T F F T T
T T F F F T F
T F T T T T T
T F F T T F F
F T T F F T T
F T F F F T F
F F T T F T T
F F F T F T F

There's only one spot on the table where both premises are true, and the conclusion is also true. (See 
the highlighted area.) Therefore, this argument is logically valid.
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Argument 2

Consider the following argument:

1. Socrates is an animal.
2. If Socrates is a mammal, then Socrates is an animal.
3. Therefore, Socrates is a mammal.

We can translate this argument into logical form:

A
B → A
B

The truth table for this argument is the following:

A B B → A B
T T T T
T F T F
F T F T
F F T F

“B → A” is only false when “B” is true and “A” is false. That's only on the second row from the 
bottom.

This truth table proves that the argument is invalid because there's a row of true premises and a false 
conclusion.
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Chapter 6: Making your own truth tables

We can create our own truth tables using following steps:

1. Translate statements of ordinary language.
2. Break all complex statements into smaller parts.
3. Determine how many columns are required.
4. Determine how many rows are required.
5. Determine the truth values of statement letters.
6. Determine the truth values of complex statements.

I will illustrate how to follow these steps by using an example.

Step 1: Translate statements of ordinary language.

We can make a truth table of one or more statements. Arguments can be presented on a truth table by 
having all the statements from the argument. We will make a truth table of an argument, but that 
requires that we first translate an argument of ordinary language into propositional logic.

Consider the following argument written in English:

If Mary will either go to the store or stay at home, then Mark will go to the store and buy 
milk. Mary will not go to the store or stay at home. Therefore, it's not the case that Mark 
will go to the store and buy milk.

We can identify the premises and conclusion:

1. Premise 1: If Mary will either go to the store or stay at home, then Mark will go to the store.
2. Premise 2: Mary will not go to the store or stay at home.
3. Conclusion: It's not the case that Mark will go to the store.

We can then replace each statement with a propositional variable and translate these statements into 
propositional logic:

(A  B) → C∨
¬(A  B)∨
¬C

A: Mary will go to the store.
B: Mary will stay at home.
C: Mark will go to the store
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Step 2: Break all complex statements into smaller parts.

We can break statements into smaller parts by removing logical connectives. Each logical connective 
must be removed one at a time until only statement letters are left. Whenever a logical connective is 
removed, it should be the one with the least amount of parentheses around it.

First statement

Look at the first propositional statement of the argument: (A  B) → C∨

First remove the conditional (→) to create the following simpler statement and statement letter:  A  B,∨  
C

We still need to break “A  B” into smaller parts. Next remove the disjunction ( ) to get the following∨ ∨  
two statement letters: A, B

Second statement

Look at the second propositional statement of the argument: ¬(A  B)∨

First we need to remove the negation (¬) to get the following simpler statement: A  B∨

We still need to break “A  B” into smaller parts. We need to remove the disjunction to get the∨  
following statement letters: A, B

Third statement

Look at the final statement of the argument: ¬C

We need to remove the negation to get the following statement letter: C
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Overview

A list of all statements including the smaller parts include the following: 

1. (A  B) → C∨
2. C
3. A  B∨
4. A
5. B
6. ¬(A  B)∨
7. ¬C

Step 3: Determine how many columns are required.

Columns are the vertical areas of the truth table. We need one column for each statement of the 
argument and the smaller parts of those statements. If you look at the list of all the statements and 
smaller parts, you will see that there are nine statements that the table will need.

The top row of the truth table will contain these statements and look like the following:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

Step 4: Determine how many rows are required.

Rows are the horizontal areas of the truth table. A number of rows is required in order to determine 
every possible combination of truth values, which depends on the number of statement letters used:

One statement letter: 2
Two statement letters: 4
Three statement letters: 8
Four statement letters: 16
Five statement letters: 32

The argument uses three statement letters (A, B, C), so we need 8 rows of truth values.
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The truth table will now look like the following:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

Step 5: Determine the truth values of statement letters.

The last statement letter alternates from being true and false every other row starting with true (T, F, T, 
F...). The second to last statement alternates from being true and false every two rows (T, T, F, F, etc.) 
The third from last statement alternates from being true and false every four rows (T, T, T, T, F, F, F, F, 
etc.) The first statement of each table should be true in the first half of the rows and false on the bottom 
half.

We can now determine when A, B, and C are true or false:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

T T T

T T F

T F T

T F F

F T T

F T F

F F T

F F F

30



Step 6: Determine the truth values of complex statements.

There are truth tables that determine when a statement with a logical connective is true or false. We can 
summarize these tables as saying the following:

• Conjunction ( ) – “p  q” is only true when p is true and q is true.∧ ∧
• Negation (¬) –  “¬p” has the opposite truth value of “p.”
• Disjunction ( ) – “p  q” is only false when both p and q are false.∨ ∨
• Conditional (→) – “p → q” is only false when p is true and q is false.
• Equivalence (↔) – “p ↔ q” is only true when p and q have the same truth value.

The first statement with a connective that we need to determine the truth values for is “A  B.” It will∨  
only be false when both A and B are false:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

T T T T

T T F T

T F T T

T F F T

F T T T

F T F T

F F T F

F F F F

The second statement we need the truth values for is “(A  B) → C.” It will only be false when “ A ∨ ∨ 
B” is true and “C” is false because it's a conditional:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

T T T T T

T T F T T

T F T T T

T F F T F

F T T T T

F T F T F

F F T F T

F F F F T

The third statement we need to find truth values for is “¬(A  B).” It will have the opposite truth values∨  
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as “A  B” because it's a negation:∨

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

T T T T T F

T T F T T F

T F T T T F

T F F T F F

F T T T T F

F T F T F F

F F T F T T

F F F F T T

The fourth and final statement we need to find truth values for is “¬C.” It will have the opposite truth 
values as “C” because it's a negation:

A B C A  B∨ (A  B) → C∨ ¬(A  B)∨ ¬C

T T T T T F F

T T F T T F T

T F T T T F F

T F F T F F T

F T T T T F F

F T F T F F T

F F T F T T F

F F F F T T T

The reason we usually want to make a truth table of an argument is to find out if it's logically valid. It is 
logically valid if it's impossible for it to have true premises and a false conclusion at the same time. It is 
logically invalid if it is possible for it to have true premises and a false conclusion at the same time.

We can look at the truth table to find out if it's valid. Look at all the rows where both premises are true 
and see if the conclusion is ever false on those rows. If so, it's invalid. Otherwise it's valid.

The premises are the following:

(A  B) → C∨
¬(A  B)∨

The conclusion is the following:
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¬C

The premises are only true on the same row on the bottom two rows, and the conclusion is false on one 
of those rows. Therefore, the argument is logically invalid:

F F T F T T F
F F F F T T T
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Chapter 7: Natural deduction

Natural deduction is used to give proofs of validity by showing all the steps in reasoning required. In 
this case natural deduction uses rules of inference to allow us to reach conclusions from statements of 
propositional logic.

Rules of inference

Rules of inference include rules of implication (valid argument forms) and rules of replacement 
(statements with equivalent logical form).

The rules are the following:

Rules of implication

Modus ponens (MP) Modus tollens (MT) Hypothetical syllogism (HS) Disjunctive syllogism (DS)

p → q p → q p → q p  q∨
p ¬q q → r ¬p

q∴ ¬p∴ r ∴ → s q∴

Constructive Dilemma (CD) Simplification (Simp) Conjunction (Conj) Addition (Add)

p → q p  q∧ p p
r → s p∴ q p ∴ ∨ q
p  r∨ p ∴  ∧ q

q ∴  ∨ s

Each of these rules states a valid argument form. For example, modus ponens states that the following 
argument form is valid:

1. p → q
2. p
3. q∴

“ ” merely states that the final statement is a conclusion. Whenever we know “p → q” and “p” are true,∴  
we can conclude “q.” Each of these lower-case letters can stand for any statement, no matter how 
complex. Each letter must stand for the same statement when concerning the same argument. For 
example, “p” can stand for “all humans are mammals” and “q” can stand for “all humans are living 
organisms” for an entire argument. In that case we can develop the following valid argument in the 
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English language using modus ponens:

1. If all humans are mammals, then all humans are living organisms.
2. All humans are mammals.
3. Therefore, all humans are living organisms.

Rules of replacement

DeMorgan's Rule (DM) Commutativity 
(Com)

Associativity 
(Assoc)

Distribution (Dist) Double negation (DN)

¬(p  q) :: (¬p  ¬q)∧ ∨ (p  ∧ q) :: (q  ∧ p) [p  ∨ (q  ∨ r)] :: 
[(p ∨ q)  ∨ r]

[p  ∧ (q  ∨ r)] :: 
[(p ∧ q)  (p  ∨ ∧ r)]

p :: ¬¬p

¬(p  q) :: (¬p   ¬q)∨ ∧ (p  ∨ q) :: (q  ∨ p) [p  ∧ (q  ∧ r)] :: 
[(p ∧ q)  ∧ r]

[p  ∨ (q  ∧ r)] :: 
[(p ∨ q)  (p  ∧ ∨ r)]

Transposition (Trans) Material implication 
(Impl)

Material equivalence 
(Equiv)

Exportation (Exp) Tautology (Taut)

(p → q) :: (¬q → ¬p) (p → q) :: (¬p  q)∨ (p ↔ q) ::
(p → q)  (q → p)∧

[(p ∧ q) → r] ::
[p → (q → r)]

p :: (p ∨ p)

(p ↔ q) ::
(p  q)  (¬p  ¬q)∧ ∨ ∧

p :: (p  ∧ p)

Each of the rules of replacement state that certain statements are logically equivalent. You can validly 
conclude either part of a rule of replacement from the other part—the first part of the “::” symbol can 
be concluded from the second part, and vise versa. 

For example, double negation states that “p” and “¬¬p” are logically equivalent. If you know “p,” then 
you can conclude “¬¬p” and vice versa. “p” can stand for “all humans are mammals.” In that case we 
can conclude that “it's not the case that 'all humans are mammals' is false.”

Some rules of replacement actually have more than one type of equivalence. For example, DeMorgan's 
rule has two different ways it can be used.

How to construct a proof

Proving validity using natural deduction requires the following steps:

1. Find the logical form of an argument.
2. Write the logical form of the premises.
3. Write the logical form of the conclusion on the same line as the last premise after the “/” 

symbol.
4. Use those premises and the rules of inference to reach the logical form of the argument's 

conclusion.
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I will present two examples of proofs.

Example 1

Consider the following argument:

1. All humans are lizards.
2. If all humans are lizards, then all humans are reptiles. 
3. If all humans are reptiles, then they are cold-blooded. 
4. Therefore, all humans are cold-blooded.

The logical form of this argument is the following:

1. P
2. P → Q
3. Q → R
4. R∴

Each letter is capitalized and represents a specific statement in English:

P: All humans are lizards.
Q: All humans are reptiles.
R: All humans are cold-blooded.

The proof that the argument is valid looks like the following:

1. P
2. P → Q
3. Q → R / R
4. Q 1, 2, MP
5. R 3, 4, MP

The premises are written on lines 1, 2, and 3. The conclusion is written after the final premise on line 3.

Line 4 concludes “Q” from lines 1 and 2 using modus ponens. “1, 2, MP” is written on the right-hand 
side to make that clear. “P; P → Q; Q” is valid because it uses ∴ modus ponens. (It has the same form as 
“p; p → q; q.”)∴

Line 5 concludes “R” from lines 3 and 4 using modus ponens. “3, 4, MP” is written on the right-hand 
side to make that clear. “Q → R; Q. R” is valid because it also uses ∴ modus ponens. (It has the same 
form as “p; p → q; q.”)∴

Line 5 has the conclusion of the original argument, so we have proven that the argument is valid. We 
can derive the conclusion from the premises and rules of inference.
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Example 2

Consider the following argument:

1. All humans are mammals.
2. If all dogs are warm-blooded and have thoughts, then it is not the case that all dogs are reptiles 

or insects.
3. If all humans are cold-blooded, then it is not the case that all humans are mammals. 
4. If it is not the case that all humans are cold-blooded, then no humans are lizards. 
5. Therefore, no humans are lizards.

The logical form of this argument is the following:

1. A  [(B  C) → ¬(D  E)]∧ ∧ ∨
2. F → ¬A
3. ¬F → G
4. G∴

The letters stand for the following:

A: All humans are mammals.
B: All dogs are warm-blooded.
C: All dogs have thoughts.
D: All dogs are reptiles.
E: All dogs are insects.
F: All humans are cold-blooded.
G: No humans are lizards.

The proof that this argument is valid is the following:

1. A  [(B  C) → ¬(D  E)]∧ ∧ ∨
2. F → ¬A
3. ¬F → G / G
4. A 1, Simp
5. ¬¬A 4, DN
6. ¬F 2, 5, MT
7. G 3, 6, MP

Lines 1, 2, and 3 contain the premises. The conclusion is also written on line 3.

Line 4 concludes “A” by simplification using line 1. “A  [(B  C) → ¬(D  E)]; A” is a valid∧ ∧ ∨ ∴  
argument because it has the same form as simplification. “A  [(B  C) → ¬(D  E)]; A” has the∧ ∧ ∨ ∴  
same form as “p  q; p.”∧ ∴
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Line 5 concludes “¬¬A” by using line 4 and double negation. “A; ¬¬A” is a valid argument because∴  
they are equivalent. “A :: ¬¬A” has the same form as “p :: ¬¬p.”

Line 6 concludes “¬F” by using lines 2 and 5, and modus tollens. “F → ¬A; ¬¬A. ¬F” is a valid∴  
argument because it has the same form as modus tollens. “F → ¬A; ¬¬A; ¬F” has the same form as “p∴  
→ q; ¬q.; ¬p.”∴

Line 7 concludes “G” by using lines 3 and 6, and modus ponens. “¬F → G; ¬F; G” is a valid∴  
argument because it has the same form as modus ponens. “¬F → G; ¬F; G” has the same form as “p∴  
→ q; p; q.”∴

“G” is the conclusion of the argument, so the argument is valid. We were able to deduce the conclusion 
from the premises and rules of inference.
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Chapter 8: Conditional & Indirect Proof

The straightforward way to construct proofs using natural deduction is called the “direct method.” 
Every line of that type of proof is validly deduced from the premises and rules of inference. Every line 
of such a proof could be considered to be true as long as we consider the premises to be true. However, 
there are two other strategies: The conditional proof and the indirect proof. Both of these types of 
proofs introduce an additional premise that is assumed to be true “for the sake of argument.”

Conditional proof

If a proof contains a conditional statement as a premise, conclusion, or as a proven statement based on 
the premises, then we can add an additional premise afterward—the first part of the conditional. For 
example, “A” is the first part of the conditional “A → B.” Let's assume “A” is added as an “assumption 
for conditional proof.” In that case the letters “ACP” are put on the right-hand side of the line it's added 
on. This line can be added to the proof at any time, but it is often added right after the other premises 
are stated. The assumed premise is then used to derive a conditional statement. 

Then once a conditional is derived using the assumed premise, we have a conditional proof and the 
final line of the proof has “CP” on the right-hand side. All lines using the assumption are also cited. 
However, the conditional proof is not necessarily the entirety of the proof—more might have to be 
proven to deduce the conclusion of the original argument that we want to prove to be valid. 

The lines of conditional proofs that are used to derive the conditional conclusion can't be used by any 
other part of the proof. These lines require a tentative assumption and are not validly deduced by the 
premises of the original argument. The assumption itself is not validly deduced from the original 
argument, and the rest of the proof requires that assumption, other than the conclusion of the 
conditional proof.

Example

Consider the following argument:

1. If all humans are mortal, then no humans are gods and no humans are angels.
2. If no humans are gods, then no human is omnipotent and no human is omniscient.
3. Therefore, either all humans are mortal or it's not the case that no human is omnipotent.

This argument has the following form in propositional logic:

1. A → (B  C)∧
2. B → (D  E)∧
3. ¬A  D∴ ∨
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A: All humans are mortal.
B: No humans are gods.
C: No humans are angels.
D: No human is omnipotent.
E: No human is omniscient.

The following is the proof that this argument is valid (using conditional proofs):

1. A → (B  C)∧
2. B → (D  E) ∧ / ¬A  D∨
3. A ACP
4. B  C∧ 1, 3, MP
5. B 4, Simp
6. A → B 3, 4, 5, CP
7. B ACP
8. D  E∧ 2, 7, MP
9. D 8, Simp
10. B → D 7, 8, 9 CP
11. A → D 7, 10, HS
12. ¬A  D∨ 11, Impl

Lines 3, 4, and 5 contain a single conditional proof. The assumption for conditional proof (A) is 
allowed because line 1 contains a conditional, and the first part of the conditional is “A.”

Lines 7, 8, and 9 contain another conditional proof. The assumption for conditional proof (B) is 
allowed because line 2 contains a conditional, and the first part of the conditional is “B.”

Because lines 3-5 and 7-9 contain conditional proofs, those lines are not actually validly deduced from 
the original premises. If they were, line 5 would have already proven “B,” so the second conditional 
proof would have been unnecessary. These lines are merely tentatively assumed to be validly deduced 
for the sake of argument.

The conclusions of each conditional proof are proven, and they are used with a hypothetical syllogism 
to prove “A → D.” We know “A → B; B → D;  A → D” is a valid argument because it has the same∴  
form as the hypothetical syllogism (p → q; q → r; p → r”).∴

Finally, keep in mind that the conclusion of our argument can also justify the use of an assumption for a 
conditional proof as long as it's a conditional statement. For example, if an argument concludes “A → 
(B  C),” then we can have “A” as an assumption for a conditional proof.∧
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Indirect proof 

Indirect proofs are also known as a “reductio ad absurdum” (i.e. “reduction to the absurd”). Indirect 
proofs can be used to prove any valid argument is valid. Indirect proofs have three additional steps:

1. There's an additional premise—a statement that is tentatively assumed to be true. This is the 
“assumption for indirect proof” and “AIP” is written on the right-hand side of the line of the 
assumption. This statement is one we will actually hope to prove to be false.

2. The assumption is used to derive a contradiction (p  ¬p). The contradiction must appear on a∧  
line, and it is often explicitly derived on a single line using the rule of conjunction. 

3. Once the contradiction is derived, the negation of the assumption is proven. “IP” is written on 
the right-hand side of that line along with the numbers of all lines that use the assumed premise.

Once again, the lines of an indirect proof require tentative assumptions, and they are not proven to be 
validly deduced from the original premises. They can't be used by other parts of the proof for that 
reason. Only the final line of an indirect proof is actually proven (and it is validly deduced from the 
original premises).

Note that indirect proofs often assume the negation of the conclusion. Once it is proven that assuming 
the negation of the conclusion leads to a contradiction, the conclusion is actually proven to be true. For 
example, we can assume that the conclusion of modus ponens is false. In that case we assume “p → q,” 
“p” and “¬q” to be true. But “p → q” and “¬q” proves “¬p” to be true via modus tollens. We now know 
that the argument is valid because assuming the conclusion is false leads to a contradiction (“p  ¬p”).∧

Example

Consider the following argument:

1. Either killing people is sometimes wrong or always wrong.
2. If the killing people is always wrong, then killing people when necessary for self-defense is 

wrong, but killing people when necessary for self-defense is not wrong.
3. If killing people is sometimes wrong, then not all homicide is murder.
4. Therefore, sometimes homicide is not murder.

The logical form of this argument is the following:

1. P  Q∨
2. P → (R  ¬R)∧
3. Q → S
4. S∴

P: Killing people is sometimes wrong.
Q: Killing people is always wrong.
R: Killing people when necessary for self-defense is wrong.
S: Sometimes homicide is not murder.
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A proof that this argument is valid using an indirect proof is the following:

1. P  Q∨
2. P → (R  ¬R)∧
3. Q → S / S
4. Q  P∨ 1, Com
5. ¬Q AIP
6. P 4, 5, DS
7. R  ¬R∧ 2, 6, MP
8. Q 5, 6, 7, IP
9. S 3, 8, MP

The indirect proof occurs on lines 5, 6, and 7. It was necessary to show that “Q” is true in order to use 
line 3 (Q → S) with modus ponens to reach the conclusion (S).

Note that the lines of the indirect proof are not actually taken to be validly deduced in the long run. 
They are only tentatively assumed to be validly deduced. The assumption is actually the negation of 
what is proven.
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